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a b s t r a c t
The consensus and containment problems in a multi-agent system consisting of single integrators with
angular field of view (FOV) constraints in their sensing capabilities are investigated in this paper. First, it
is assumed that all FOVs are half-planes and an impulsive switching strategy is developed such that the
underlying sensing graph of the network remains uniformly quasi-strongly connected (UQSC) throughout
the system evolution. The control schemes are designed in the framework of switched interconnected
systems in such a way that the objectives of consensus and containment are achieved over the entire
network. Then, the problem is extended to address a network of single-integrator agents with limited
heterogeneous angular FOVs. The FOV of all sensing devices are assumed to rotate with sufficiently large
angular velocities, which are controlled independently along with the translational motion of all agents.
The velocity vector and the lower bound on themagnitude of the angular velocity of the FOVs are designed
such that the agents converge to an arbitrarily small ball, and reach consensus. The convergence of the
moving followers to the convex hull of static leaders is addressed for the containment problem as well.
Simulation results verify the effectiveness of the proposed control strategies.
© 2015 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
Cooperative control of multi-agent systems has been exten-
sively investigated in the literature recently. It is used in coor-
dination of multi-vehicle systems, formation flight of UAVs, air
traffic control, automated highway systems, and reconnaissance
missions, to name only a few (Casbeer et al., 2006; Horowitz &
Varaiya, 2000; Ryan, Zennaro, Howell, Sengupta, & Hedrick, 2004;
Shames, Fidan, & Anderson, 2008; Tomlin, Pappas, & Sastry, 1998).
In this type of systems, it is desired to design a local control law
for each agent such that a global objective is achieved over the en-
tire network with limited information exchange between agents.
Every agent is equipped with sensing and communication devices
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objectives include consensus, containment, formation, and flock-
ing (Chen, Lü, Yu, & Hill, 2013; Ferrari-Trecate, Egerstedt, Buffa, &
Ji, 2006; Lafferriere,Williams, Caughman, & Veerman, 2005; Olfati-
Saber, 2006). In the consensus problem, a certain state-dependent
quantity of interest of every agent is desired to reach a common
value (Olfati-Saber & Murray, 2004). The containment problem is
concerned with the coordination of a set of followers in such a
way that they converge to the convex hull of the leaders (Ferrari-
Trecate et al., 2006). In the formation problem, the agents are
aimed to form a desired configuration specified by their relative
positions (Lafferriere et al., 2005), while the flocking objective is
concernedwith an agreement in terms of the agents’ velocities and
orientations (Olfati-Saber, 2006).
Connectivity of the information flow graph of amulti-agent sys-
tem plays a key role in achieving the global objectives defined
over the network. The interaction topology between agents may
change over time in different applications due, for example, to
unreliable data exchange and the limitation on the communica-
tion range (Fagnani & Zampieri, 2009; Munz, Papachristodoulou,
& Allgöwer, 2011). Also, different connectivity conditions on the
dynamic interaction graph of a network have been proposed in
the literature to perform the desired coordination tasks by a team
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Beard, 2005). The connectivity of the union interaction graph over
a sufficiently large time interval has been proposed as a necessary
and sufficient condition to achieve state agreement in Lin, Francis,
and Maggiore (2007) provided a certain sub-tangentiality condi-
tion is satisfied by the vector fields describing the network dynam-
ics. The ‘‘uniform joint connectivity’’ of the switching information
flow graph is obtained as a necessary and/or sufficient condition
to reach robust consensus in a network of single-integrator agents
in Shi and Johansson (2011a,b). A variant of uniform connectivity
on a fixed or switching directed topology is proposed in Cao, Ren,
and Egerstedt (2012) to solve the containment problem over a net-
work of single integrators. The connectivity condition for achieving
consensus in a network of high-order integrators with a switching
directed topology is studied in Cheng, Wang, Hou, and Tan (2014).
In some applications, there is a constraint on the field of view
(FOV) of the sensing/communication devices used in multi-agent
systems, and this can have a fundamental impact on the overall
performance and controller design of the network. Typically, the
FOV limitation is characterized by a radial and/or angular con-
straint, where the former has been addressed in the cooperative
control literature (Ganguli, Cortés, & Bullo, 2009). The angular FOV
limitation appears in multi-agent networks equipped with certain
sensing devices such as vision-based cameras, laser range finders,
and sonar arrays (Gerkey, Thrun, & Gordon, 2006; Lee & Chong,
2011;Ma& Liu, 2007). The cooperative control problem over a net-
work of mobile agents with limited FOV has been investigated in
the literature. For example, the collective circular motion of a team
of nonholonomic vehicles is addressed in Ceccarelli, Di Marco,
Garulli, and Giannitrapani (2008), where the local perception of
each vehicle is constrained to a sector-shaped visibility region and
the connectivity of the sensing graph is presumed. The problem
of distributed motion coordination for a team of mobile robots
is studied in Moshtagh, Michael, Jadbabaie, and Daniilidis (2009),
where the controller of each robot requires local vision-basedmea-
surements of its neighbors. However, it is assumed in the above
work that the information flow graph of the network remains fixed
and connected, and that the cameras used by the agents are om-
nidirectional. In Ibuki, Hatanaka, Fujita, and Spong (2010), on the
other hand, attitude synchronization in a network of rigid bodies
using visual measurements is investigated, where the underlying
leader–follower visibility graph of the network is assumed to be a
static directed spanning tree and some distinction between lead-
ers and followers is required. Attitude consensus in a group of non-
holonomic robots using vision-based sensors with constrained an-
gular FOVs is addressed in Montijano, Thunberg, Hu, and Sagues
(2011), where the undirected sensing graph of the network is as-
sumed to be fixed and connected at all times. Distributed topology
control for amulti-agent network is investigated inDi Paolo, De As-
mundis, Gasparri, and Rizzo (2012), where all sensors are assumed
to have limited FOVswhich are not necessarily identical.Moreover,
it is presumed in Di Paolo et al. (2012) that a bidirectional commu-
nication link is established between a pair of agents if a directed
sensing link exists between them. In addition, a rotating FOV is pro-
posed in Gerkey et al. (2006); Lee (2008); Lee and Chong (2011);
Plett, Bahl, Buss, Kühnlenz, and Borst (2012) to cope with the lim-
itation in the FOV of sensing devices. In the pursuit-evasion prob-
lem for a team of mobile robots (Gerkey et al., 2006), the notion of
the φ-searcher is introduced to represent a mobile robot equipped
with a visual sensor whose FOV can freely rotate with a bounded
angular velocity independent of the robot’s motion. Moreover, a
distributed algorithm for the rotation of the FOV of a network of
directional sensors is developed in Lee (2008) to improve the over-
all sensing performance. A fly-inspired visual rotating sensor with
limited FOV is also presented in Plett et al. (2012), which is capa-
ble of accuratemeasurementswhilemaintaining the practical con-
straints required for the operation of micro aerial vehicles (MAV).As discussed in the previous paragraph, the control laws
developed in the literature for the cooperative control of multi-
agent systems with limited FOVs have a number of shortcom-
ings. Furthermore, they often make strong assumptions such as:
(i) availability of global knowledge of the network by each agent,
and the connectivity of the underlying network (Ceccarelli et al.,
2008; Moshtagh et al., 2009); (ii) a fixed topology for the in-
formation flow graph (Montijano et al., 2011; Moshtagh et al.,
2009); (iii) labeling the agents in such a way that different agents
are distinguishable (Ibuki et al., 2010), and (iv) the existence of
communication links for information exchange in addition to the
sensor measurements (Di Paolo et al., 2012). In this paper, the
consensus and containment problems for a network of single-
integrator agents are investigated, where each agent has a sen-
sor with a constrained angular FOV. The flow of information
between agents is represented by a dynamic sensing directed
graph, with no assumption on its connectivity (it could be dis-
connected at any point in time). Moreover, it is assumed that the
agents are identical and indistinguishable; hence, no labeling of
the agents is required. Also, no communication link is needed be-
tween agents because each agent obtains the required informa-
tion from its sensor. Two steps are taken to tackle the problem.
In the first step, an impulsive switching control strategy is pro-
posed for the case of half-plane FOVs to drive a group of single-
integrator agents toward a common location (consensus), while
preserving uniformquasi-strong connectivity of the network by in-
stantaneous rotation of the FOVs (Asadi, Ajorlou, & Aghdam, 2012).
The proposed controller is then generalized to address the contain-
ment problem in such a way that the required connectivity condi-
tion is satisfied over sufficiently large time intervals. In the second
step, the consensus and containment problems are investigated for
a network composed of single integrators with limited heteroge-
neous angular FOVs. It is assumed that the FOV of every agent ro-
tates with a constant angular velocity (independent of the agents’
motion) to cover a sufficiently large area. Then, the velocity vec-
tors are designed and a lower bound on the angular velocity of the
FOVs is obtained such that the agents asymptotically converge to
an arbitrarily small ball in the consensus problemwhile the angular
velocity of the FOVs remains below a certain value (Asadi, Ajorlou,
& Aghdam, 2013). Moreover, a trade-off between the size of the
convergence ball, the lower bound on the magnitude of the angu-
lar velocity of the FOVs, and the upper bound on the magnitude of
the velocity vector of every agent is introduced. The control law is
modified subsequently to solve the containment problem as well.
The effectiveness of the results is confirmed by simulations.
The remainder of the paper is organized as follows. Some use-
ful preliminaries and definitions are presented in Section 2. The
consensus and containment problems for a network of single-
integrator agents with half-plane FOVs are investigated in Sec-
tion 3. Then, the results are extended to a team of single-integrator
agents with limited heterogeneous angular FOVs in Section 4. Sim-
ulations are provided in Section 5, and the concluding remarks are
given in Section 6.
2. Preliminaries
Throughout this paper, N, Z≥0, and R≥0 denote the set of
natural, nonnegative integer, and nonnegative real numbers,
respectively. The inner product of two arbitrary m-dimensional
vectors v,w ∈ Rm is represented by ⟨v,w⟩, and ∥v∥ indicates the
Euclidean norm of v onRm. Moreover, the cardinality of a finite set
Φ is denoted by card(Φ).
Anm-dimensional switched interconnected system composed of
n agents can be described as
q˙(t) = fσ(t)(q(t)), (1)
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is a piecewise constant switching signal. Also, I = {tk | tk <
tk+1, k ∈ Z≥0} represents the set of switching time instants, and
the finite set Γ contains the indices of the entire family of vector
fields fγ ’s, γ ∈ Γ , where fγ = [f 1γ f 2γ . . . f nγ ]T. Let Σdwell(τD)
denote the class of piecewise constant switching signals σ(t) such
that for any tk, tk+1 ∈ I , k ∈ Z≥0, the relation tk+1− tk ≥ τD holds
for a positive constant τD, which is called the dwell time (Liberzon,
2003). The notion of 2D conic area which is used to describe the
FOV of agents is defined in the sequel.
Definition 1. A 2D conic area is defined as a nonempty set C ⊆ R2
such that λq ∈ C for any q ∈ C and λ > 0. In other words, C is
the union of a set of half-lines that start at a common apex point
O and extend to infinity. The apex angle α ∈ (0, 2π ] is defined as
the angle between the two half-lines which form the boundaries of
the conic area.
The FOV of the ith agent is characterized by the apex angle αi,
indicating the angular limitation of the agent’s sensing device,
and the apex point qi, representing the position of agent i. Let eˆi
be a unit vector which passes through qi and is directed toward
the interior of a conic area such that it bisects the angle αi.
The corresponding FOV, denoted by a 2D conic area Ωi, can be
formulated as
Ωi =

q ∈ R2
 eˆi, (q− qi)∥q− qi∥ ≥ cos
αi
2

. (2)
For the special case of an agent with a half-plane FOV, αi is equal
to π andΩi can be simplified as
Ωi =

q ∈ R2 | eˆi, (q− qi) ≥ 0 . (3)
Consider a directed graph (digraph) G = (V, E), where V is the
set of vertices and E is the set of edges. The vertex j is said to
belong to the neighbor set of vertex i, denoted byNi, if the directed
edge (j, i) pointing from j to i belongs to the edge set of the graph,
i.e. (j, i) ∈ E . Moreover, the in-degree of the ith vertex is defined as
dini = card(Ni). The convex hull formed by a set of points is defined
as follows.
Definition 2. Given a set of points Q = {q1, . . . , qn} in Rm, the
convex hull ofQ is defined as
conv(Q) =

n
i=1
λiqi
 qi ∈ Q, λi ∈ R≥0, n
i=1
λi = 1

. (4)
Definitions 3–10 present some important concepts related to
the information flow graph of the network and the associated
connectivity notions.
Definition 3. The sensing digraph G = (V, E) associated with a
network ofn agentswith a limited angular FOVΩi for agent i, i ∈ V ,
is defined by the following vertex and edge sets
V = {1, 2, . . . , n}, (5a)
E = {(j, i) ∈ V × V | qj ∈ Ωi}. (5b)
Fig. 1 depicts an example of a sensing digraph for a network of four
agents with limited angular FOVs as defined earlier.
Definition 4. Given a digraph G, a vertex j is said to be reachable
from a vertex i, if there is a directed path from i to j. The set of all
vertices fromwhich a vertex i is reachable inG is denoted byRi(G).Fig. 1. An example of a sensing digraph (left side) corresponding to a network of
four agents with limited angular FOVs (right side).
Definition 5. The complement of a digraph G = (V, E), denoted
byGc = (V, E c), is a digraphwhose vertex set is the same asG, and
(i, j) ∈ E c if and only if (i, j) ∉ E for every pair of distinct vertices
i, j ∈ V .
Definition 6. The converse digraph of G = (V, E), denoted by
G∗ = (V, E∗), is a digraph whose vertex set V is the same as G,
and (i, j) ∈ E∗ if and only if (j, i) ∈ E for every pair of distinct
vertices i, j ∈ V .
Definition 7. Given a digraph G = (V, E), the mirror of G is an
undirected graph, denoted by G˜ = (V, E˜), whose vertices are the
same as G, and whose edge set is E˜ = E ∪ E∗.
Definition 8. Diameter of an undirected graph G = (V, E) is
defined as diam(G) = maxi,j∈V dG(i, j), where dG(i, j) denotes
the number of edges in the shortest path connecting two distinct
vertices i, j ∈ V .
Definition 9. A digraph G = (V, E) is said to be quasi-strongly
connected (QSC) if for every two distinct vertices i and j of G, there
is a vertex from which both i and j are reachable.
Definition 10. A dynamic interaction digraph Gσ(t) is uniformly
quasi-strongly connected (UQSC) if there exists T > 0 such that
the union digraph

τ∈[t, t+T ] G(τ ) is QSC for all t and σ(t) ∈
Σdwell(τD).
The following definition and lemma are borrowed from Lin et al.
(2007), and provide sufficient conditions for system (1) to reach
consensus.
Definition 11. Consider the vector fields f iγ : Rmn → Rm, i ∈
V , γ ∈ Γ , describing the switched interconnected system (1).
Then, f iγ satisfies the strict sub-tangentiality condition if f
i
γ (q(t)) ∈
ri(T (qi(t), conv(Qiγ ))), where Q
i
γ = {qi(t), qj(t) | j ∈ Ni(t),
σ (t) = γ }, ri(Φ) denotes the relative interior of the set Φ , and
T (q,Φ) represents the tangent cone to the setΦ at q.
Lemma 1. Consider the switched interconnected system (1) com-
posed of n agents in m-dimensional space which share a common
space S ⊆ Rm, where S is closed and convex. For all agents i ∈ V
and all γ ∈ Γ , let the vector fields f iγ : Rmn → Rm be locally Lip-
schitz on S n and satisfy the strict sub-tangentiality condition, while
σ(t) ∈ Σdwell(τD). Then, system (1) reaches asymptotic consensus
and agents converge to a common location inS if the dynamic inter-
action digraph Gσ(t) is UQSC.
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3. A network of single-integrator agents with half-plane FOVs
Consider the planar motion of a multi-agent system composed
of n single integrators with half-plane FOVs, described by
q˙i(t) = ui(t), (6)
where qi, ui ∈ R2 represent the position and velocity vectors of
the ith agent, respectively. Let θi ∈ (−π, π] denote the direction
of the bisector of the FOV of agent i w.r.t. a fixed inertial frame.
Moreover, the interaction between the agents is characterized by
a sensing digraph G. Assume that each agent is equipped with a
sensor, capable of measuring relative positions with a half-plane
FOV, which is fixed w.r.t. the body frame of the agent (mounted on
the agent). Also, the velocity vector of every agent and the bisector
of its associated half-plane FOV have the same direction for all t .
It is straightforward to show that the neighbor set of an arbitrary
agent iwith half-plane FOVΩi is defined as
Ni(t) =

j ∈ V : Π θij(t)− θi(t) ≤ π2  , (7)
where qi(t) = [xi(t) yi(t)]T, θij(t) = atan2(yj(t) − yi(t), xj(t) −
xi(t)), θi(t) = atan2(uiy(t), uix(t)), and
Π(ν) =

ν, if |ν| ≤ π,
ν − 2π, if |ν| > π. (8)
Fig. 2 gives an example of agent i and its half-plane FOV Ωi along
with the corresponding variables. The consensus and containment
problems for a network of single-integrator agents with half-plane
FOVs are investigated in this section.
3.1. Consensus problem
Network connectivity plays an essential role in the consensus
problem. An important lemma on network connectivity is
presented next, which will be used to develop the main results.
Lemma 2. A sufficient condition for a digraph G to be QSC is that the
in-degree of its vertices satisfies the relation mini∈V dini ≥ d˜, where
d˜ =  n−12 , and n is the total number of vertices in G.
Proof. Consider a digraph G = (V, E) which satisfies the condi-
tion mini∈V dini ≥ d˜, i.e., the cardinality of the neighbor set of each
vertex of G is not less than half of the number of all other vertices
of the digraph. To prove the lemma by contradiction, assume that
G is not QSC. By definition, there exists a pair of distinct vertices
u, v ∈ V , such that there is no vertex from which both u and v are
reachable. Consider two vertices u, v ∈ V such that dinu , dinv ≥ d˜
where d˜ =  n−12 . The following two cases are investigated:(i) If (u, v) ∈ E (or (v, u) ∈ E ), then u and v are reachable from all
vertices belonging to Ru(G) (or Rv(G)), which is in contradiction
with the initial assumption.
(ii) Assume that (u, v) ∉ E and (v, u) ∉ E . Since digraph G is not
QSC and on noting thatNu ⊆ Ru(G) andNv ⊆ Rv(G), one has
Nu ∩Nv = ∅. (9)
Furthermore, since the relations dinu ≥ d˜ and dinv ≥ d˜ hold for ver-
tices u and v, one can write
⌈n− 1⌉ ≤ dinu + dinv . (10)
On the other hand, it can be inferred from (9) that
dinu + dinv ≤ n− 2. (11)
However, (10) and (11) are in contradiction since ⌈n− 1⌉ > n−2.
Therefore, Ru(G) ∩ Rv(G) ≠ ∅ which means that there exists at
least one vertex which has directed paths to both u and v.
From the contradictions in the above two cases, one can con-
clude that the digraph G is QSC if the number of neighbors of each
vertex in G is greater than or equal to half the number of all other
vertices in G. In other words, G is QSC if mini∈V dini ≥ d˜. 
Since all agents considered in this section are assumed to have half-
plane FOVs, it is guaranteed that the whole space can be covered
by the FOV of each agent once it rotates π radians. Therefore, the
instantaneous turning of the FOVs can be employed in the control
strategy to use the sufficient condition of Lemma 2 in addressing
the network connectivity of a team of single integrators with half-
plane FOVs.
Theorem 1. Consider a multi-agent system consisting of n single-
integrator agents with half-plane FOVs described by (6). Apply the
following impulsive switching control law to the ith agent
ui(t) =

ri(t), if dini (t) ≥ d˜ ∨ t < ρi(t)+ δ,
−ri(t−), if dini (t) < d˜ ∧ t ≥ ρi(t)+ δ,
(12)
where ri(t) =j∈Ni(t)(qj − qi), d˜ =  n−12 , ρi(t) = max{τ | τ <
t, |θi(τ ) − θi(τ−)| = π}, and δ is a strictly positive finite constant.
Then, all agents converge to a common position asymptotically.
Proof. Under the control law (12), the velocity vector of the ith
agent is given by ui(t) = ri(t) at time t if either the number of
neighbors in the FOV of this agent is not less than d˜, or the time
passed since the last impulsive rotation ofΩi is less than δ. In this
case, the direction of the bisector of Ωi is specified by the angle
θi(t) = atan2(riy(t), rix(t)), where riy(t) = j∈Ni(t)(yj − yi)
and rix(t) = j∈Ni(t)(xj − xi). It means that the bisector of Ωi
and the velocity vector ui(t) have the same direction at time t if
either dini (t) ≥ d˜ or t < ρi(t) + δ, where ρi(t) represents the last
time instant τ < t , at which Ωi rotated π radians instantly. Also,
ui(t) = −ri(t−) when the number of neighbors of agent i located
insideΩi is less than d˜ at time t and the difference between t and
ρi(t) is not less than δ. According to this control input, the direction
of the velocity vector of agent i at time t is in the opposite direction
of ri at time instant t−. This means that once dini (t) < d˜ and
t ≥ ρi(t)+δ,Ωi rotates instantaneously, such that the FOVof agent
i switches to the other half-plane. Once the instantaneous rotation
ofΩi occurs at time t , the relation |θi(t)−θi(t−)| = π holds, which
means that the control input (12) is an impulsive switching control
scheme. Let Iˆ is = {tˆi,k | i ∈ V, k ∈ Z≥0} denote the set of
time instants that the impulsive rotation of the FOV of the ith agent
(driven by consensus control input (12)) occurs. By definition, Zeno
behavior is avoided if the minimum time interval between any
pair of successive time instants in the above set is nonzero for all
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control input (12) that the minimum time interval between any
pair of consecutive time instants atwhichΩi rotates is not less than
δ for all i ∈ V . Thus, Iˆ is has Lebesguemeasure zero for all i ∈ V , and
as a result Zeno behavior does not happen. It follows from (12) that
for any t , if an agent, say agent i, does not have at least d˜ neighbors
inside its FOV for all time instants τ ∈ [t, t + δ], it is guaranteed
that Ωi rotatesπ radians instantaneously at somepoint in the time
interval [t, t+δ]. In otherwords, there exists tˆi,k ∈ Iˆ is such that for
any t , tˆi,k ∈ [t, t + δ] provided dini (τ ) < d˜ for all τ ∈ [t, t + δ] and
for some agent i. Since the whole space S is covered by the half-
planeΩi before and after its rotation at tˆi,k, the inequality dini ([t, t+
δ]) ≥ d˜ holds in the union sensing digraph τ∈[t, t+δ] G(τ ) for
all agents i ∈ V and for any t . Hence, the sufficient condition of
Lemma 2 holds, and there exists a finite T ≥ δ such that the union
sensing digraph

τ∈[t, t+T ] G(τ ) is QSC for any t . Furthermore, the
vector fields of the network driven by (12) are locally Lipschitz and
satisfy the strict sub-tangentiality condition given in Definition 11.
Therefore, the asymptotic convergence of agents to a common
location follows from Lemma 1, and this completes the proof. 
3.2. Containment problem
The control scheme developed in the previous subsection will
now be modified to address the containment problem in a multi-
agent system equipped with sensors having half-plane FOVs. To
this end, the following lemma is borrowed from Cao et al. (2012).
Lemma 3. Consider a group of n autonomous agents with single-
integrator dynamics given by (6). Let the vertex set V of the
corresponding dynamic interaction digraph Gσ(t) be partitioned into
two disjoint sets of static leaders VL and moving followers VF , where
σ(t) : R≥0 → Γ and σ(t) ∈ Σdwell(τD). Apply the following control
law to all agents
ui(t) =
0, if i ∈ VL,
j∈Ni(t)
aij(t)(qj − qi), if i ∈ VF , (13)
where aij(t) denotes the (i, j)th element of the adjacency matrix of the
interaction digraph Gγ = (V, Eγ ) such that aij > 0 if (j, i) ∈ Eγ and
aij = 0 otherwise, for σ(t) = γ and any γ ∈ Γ . Then, all followers
will converge to the stationary convex hull ΨL = conv({qj | j ∈ VL})
formed by the static leaders for arbitrary initial conditions qi(0), i ∈
VF , if and only if there exists T > 0 such that for each follower i ∈ VF
there exists at least one leader j ∈ VL that forms a directed path from
j to i in the union interaction digraph

τ∈[t, t+T ] G(τ ) for any finite t.
The next lemma provides sufficient conditions for network
connectivity in the containment problemdescribed in Lemma 3 for
a group of single integrators with half-plane FOVs.
Lemma 4. Consider a digraph G = (V, E) composed of n vertices
characterizing the information flow graph of a team of agents with
half-plane FOVs. Let the corresponding vertex set V be partitioned into
two disjoint sets of static leaders VL and moving followers VF , with
V = VL ∪ VF , nL = card(VL), and nF = card(VF ). Then, there is at
least one leader j ∈ VL for each follower i ∈ VF such that a directed
path from j to i exists inG if (i) nL ≥ nF , and (ii) dini ≥ d˜ for all i ∈ VF ,
where d˜ =  n−12 .
Proof. The proof is straightforward, and follows from the fact that
if the two inequalities nL ≥ nF and dini ≥ d˜ hold for the ith follower,
i ∈ VF , then there is at least a leader j ∈ VL for this follower such
that a directed edge from j to i exists in G. Fig. 3. A network of three leaders (white circles) and four followers (black circles)
with half-plane FOVs.
Note that under the assumptions of Lemma 4, containment will
also be achieved by applying the impulsive switching consensus
controller (12) to all followers. Note also that while the condition
nL ≥ nF might be restrictive, it is a necessary condition for the
containment problem using the controller (12) of Theorem 1. For
example, consider a multi-agent network with nL = 3, nF = 4,
and d˜ = 3. The network configuration is shown in Fig. 3, where the
leaders and followers are depicted by white and black circles, re-
spectively. In this example nF > nL, and none of the followers has
a leader in its neighbor set, while the inequality dini (t) ≥ d˜ holds
for all followers at all times (note that dini = 3 for all i ∈ VF in
the snapshot of Fig. 3). Hence, under the previously proposed con-
troller (12) all followers will converge to a point outside the static
convex hull of the leaders. This implies that the previous scheme
for impulsive rotation of the FOVs based on the in-degree of the
followers needs to be modified in order to guarantee the connec-
tivity requirement of the containment problem while relaxing the
condition nL ≥ nF . To this end, the FOV of every follower should
perform additional impulsive rotations at a series of time instants
characterized by certain multiples of a given finite Ts > 0. This is
addressed in the next theorem.
Theorem 2. Consider a network of n single-integrator agents
described by (6) whose sensors have half-plane FOVs. Let the sensing
digraph G represent the information flow structure of the network,
where the vertex set V is decomposed into two disjoint sets of static
leaders VL and moving followers VF . Apply the following impulsive
switching control law to every follower i ∈ VF
ui(t) =

ri(t), if (dini (t) ≥ d˜ ∧ t ∉ Is)∨ t < ρi(t)+ δ,
−ri(t−), if (dini (t) < d˜ ∨ t ∈ Is)∧ t ≥ ρi(t)+ δ,
(14)
where Is = {tk | tk = kTs, k ∈ Z≥0}, and Ts is a given strictly
positive finite value. Moreover, ri(t) =j∈Ni(t)(qj−qi), d˜ =  n−12 ,
and ρi(t) = max

τ | τ < t, |θi(τ )− θi(τ−)| = π

for a finite
δ > 0. Then, all followers asymptotically converge to the static convex
hull ΨL = conv({qj | j ∈ VL}) of the leaders.
Proof. From Lemma 3, the followers driven by control input (14)
converge to the convex hull of the stationary leaders, denoted by
ΨL, if and only if a finite T > 0 exists such that to each follower,
there is a directed path fromat least one leader in the union sensing
digraph

τ∈[t, t+T ] G(τ ) for all t . Under the control law (14), the
direction of the bisector of the FOV of every follower i at time t is
the same as the direction of its velocity vector if either dini (t) ≥ d˜
and t ∉ Is, or the time interval since the last rotation ofΩi is less
than δ. Also, ρi(t) denotes the last time instant τ < t at whichΩi
rotated impulsively.Without loss of generality, assume that Ts > δ.
The FOV of the ith follower rotates π radians instantaneously at
time t when either dini (t) < d˜ or t ∈ Is, and the time interval
between t and ρi(t) is not less than δ. Let Iˇ is = {tˇi,k | i ∈ VF , k ∈
Z≥0} represent the set of time instants atwhich the FOV of follower
i under (14) rotates π radians. Zeno behavior does not occur if
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follower is nonzero. However, under the proposed controller the
minimum time interval between any two consecutive rotations
of Ωi is not less than δ for all i ∈ VF . Thus, Iˇ is has Lebesgue
measure zero for all i ∈ VF and Zeno behavior does not occur.
Consider an arbitrary follower i which has no leader in its FOV at
any τ ∈ [t, t + Ts]. The in-degree associated with follower i can
then be written as dini = dini,L + dini,F , where dini,L and dini,F represent
the number of neighbors of follower i which belong to the sets VL
and VF , respectively. From Lemma 4, the inequality dini (t) ≥ d˜
does not guarantee that dini,L(t) ≥ 1 for the ith follower. Since
Is ⊆ Iˇ is for every follower i, it is guaranteed that Ωi rotates π
radians at some point in the interval [t, t + Ts]. In other words,
there exists tˇi,k ∈ Iˇ is which belongs to the interval [t, t + Ts] given
that dini,L is zero at any time in this interval. Since Ωi covers the
entire space S before and after its instantaneous rotation at tˇi,k,
the inequality dini,L([t, t + Ts]) ≥ 1 holds for every follower i at
any time t . Therefore, by applying the impulsive switching control
input (14) to every follower, there exists a finite T ≥ Ts such that at
least one of the leaders belongs to the neighbor set of each follower
in the union sensing digraph

τ∈[t, t+T ] G(τ ) for all t , regardless of
the cardinality of the vertex setsVL andVF . Thus, the convergence
of the followers to the convex hull ΨL yields from Lemma 3, and
this completes the proof. 
4. A network of single-integrator agentswith limited heteroge-
neous angular FOVs
In this section, the previous results are extended to the case
when the FOV apex angle for each agent can be a value other than
π radians. Thismeans that the FOV for each agent is a 2D conic area
(whose apex angle is not the same for different agents) instead of
a half-plane. Consider a multi-agent system composed of n single
integrators moving in 2D plane, and assume that each agent can
detect its neighbors using a sensor with limited angular FOV. Let αi
be the apex angle of the FOV for the ith agent, denoted byΩi. Unlike
the previous section, the instantaneous rotation of the FOVs cannot
be employed as a control strategy in the case of networks with
limited heterogeneous angular FOVs, since the entire space cannot
be covered by the impulsive flipping of Ωi when αi is less than π .
To remedy this shortcoming, it is assumed in this section that all
FOVs rotate continuously, regardless of the translational motion of
the agents. In other words, the bisector of the FOV and the velocity
vector are not necessarily aligned for each agent. More specifically,
it is presumed that the FOVs of all agents rotate with constant
angular velocities during the planar motion of agents. Then, the
following two equations describe the dynamics of the ith agent
q˙i(t) = ui(t), (15a)
θ˙i(t) = ωi(t), (15b)
where qi, ui ∈ R2 denote the position and velocity vectors of agent
i in the planar motion. Also, θi ∈ (−π, π] represents the direction
of the bisector of the FOV of agent i w.r.t. a fixed inertial frame,
while ωi ∈ R>0 is the angular velocity of the rotating FOVΩi. The
neighbor set of the ith agent equipped with FOV Ωi at time t is
defined as follows
Ni(t) =

j ∈ V : Π θij(t)− θi(t) ≤ αi2  , (16)
where xi and yi represent the coordinates of agent i (i.e. qi(t) =[xi(t) yi(t)]T), θij(t) = atan2(yj(t)− yi(t), xj(t)− xi(t)), andΠ(·)
is defined in (8). The ith agent along with its FOV are depicted in
Fig. 4 for a simple example.Fig. 4. An example of a single-integrator agent with limited angular FOV Ωi and
apex angle αi .
4.1. Consensus problem
The objective is to design a velocity vector and find a lower
bound on the magnitude of the angular velocity of the FOVs such
that all agents asymptotically converge to an arbitrarily small
ball. In order to address the consensus problem, some important
lemmas are mentioned first.
Lemma 5. Consider two arbitrary agents i, j ∈ V with dynamics
described by (15) at time t. Let agent i be fixed and assume that the jth
agent moves with velocity u(t) whose magnitude ∥u(t)∥ is less than
u0, for some positive constant u0. If the angular velocity ωi is lower-
bounded by some constant ω0 and ∥qi(t) − qj(t)∥ > 3πu0ω0 at time
t, there exists t ′ ∈ [t, t + T ] such that qj ∈ Ωi(t ′) for all T ≥ 3πω0 .
In other words, the jth agent can be detected by the FOV of agent i at
some time in the interval [t, t + T ].
Proof. Consider two half-planesΞij(t) andΞ ij(t) defined based on
the relative position of two distinct agents i, j ∈ V as follows
Ξij(t) =

q ∈ R2 | q− qi(t), qj(t)− qi(t) ≥ 0 , (17a)
Ξ ij(t) =

q ∈ R2 | q− qi(t), qj(t)− qi(t) < 0 , (17b)
and note that R2 = Ξij(t) ∪ Ξ ij(t). Let agent i be fixed at point O
and point A be the position of agent j at time t , where A ∈ Ξij(t).
Define d0 as the distance between agents i and j at time t , i.e., d0 =
∥qi(t) − qj(t)∥. Let also B denote the position of the jth agent at
t + T , where B is assumed to belong to Ξ ij(t). An example of two
agents described above is illustrated in Fig. 5. In the triangle AOB,
the inequality AB > AO holds because the internal angle ̸ AOB is
always obtuse on noting that A ∈ Ξij(t) and B ∈ Ξ ij(t). Therefore,
AO represents the shortest path that agent j can take at time instant
t to leave the half-plane Ξij(t) during a time interval of length T .
Since ∥u(t)∥ < u0 for all t , the minimum time required for A to
leave the half-planeΞij(t) and arrive at an arbitrary point inΞ ij(t)
(point B in the figure) is Tmin = d0u0 . Thus, it is guaranteed that
qj(τ ) ∈ Ξij(t) for all τ ∈ [t, t + Tmin]. On the other hand, agent
i covers the entire half-planeΞij(t) using its rotating FOV over the
time interval [t, t + T ] if it rotates at least 3π radians, regardless
of the apex angle αi and the initial direction of the bisector of Ωi.
This means that it takes at most Tmax = 3πω0 for Ωi to achieve this
objective. It then follows that agent i is able to detect agent j at a
time instant t ′ ∈ [t, t + T ] if the inequality Tmin > Tmax holds
for all T ≥ Tmax. It is straightforward to conclude that by choosing
d0 >
3πu0
ω0
the inequality Tmin > Tmax holds provided T ≥ 3πω0 .
Therefore, 3πu0
ω0
can be considered as a lower bound on the distance
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the positions of two agents i and j at time t , where the arrowed line depicts the
boundary betweenΞij(t) andΞ ij(t).
between agents i and j at time t as follows
∥qi(t)− qj(t)∥ > 3πu0
ω0
. (18)
Thus, if (18) holds for two agents i and j at an arbitrary time t while
the ith agent is stationary and themagnitude of the velocity vector
of the jth agent is less than u0 at all times, it is guaranteed that
there is a time instant t ′ ∈ [t, t + T ] at which agent i detects agent
j using its limited FOV providedΩi rotates with an angular velocity
ωi > ω0. Also, the considered time interval has a length of at least
T = 3π
ω0
. This completes the proof. 
The following lemma provides a lower bound on the magnitude of
the angular velocity of all FOVs. It also gives theminimum required
time interval T in terms of a lower bound on the inter-agent
distances and an upper bound on the magnitude of the velocity
vectors based on Lemma 5.
Lemma 6. Let i, j ∈ V denote two arbitrary agents described by (15),
and let their velocity vectors satisfy the inequalities ∥ui(t)∥ < u0
and ∥uj(t)∥ < u0 at all times. If ∥qi(t) − qj(t)∥ > d0 at time t
and the angular velocity of the FOV of each agent is lower-bounded by
ω0 = 6πu0d0 , it is guaranteed that there exist t ′, t ′′ ∈ [t, t + T ] such
that qj ∈ Ωi(t ′) and qi ∈ Ωj(t ′′) for all T ≥ d02u0 .
Proof. Consider a non-rotating frame centered at agent i, and
denote the velocity of agent j w.r.t. this frame by uij(t) = uj(t) −
ui(t); note that ∥uij(t)∥ < 2u0 for all t . Let the distance ∥qi(t) −
qj(t)∥ be greater than d0, where d0 = 6πu0ω0 . It then follows from
Lemma 5 that for anyωi > ω0 = 6πu0d0 , there is some t ′ ∈ [t, t+ T ]
such that agent i detects agent j at time t ′ for any T ≥ d02u0 .
Therefore, theminimumvalues ofωi and T are determined in terms
of the upper bound on the velocity vector magnitude u0 and the
lower bound d0 on the distance between agents i and j at time t .
The same argument applies to the case when a non-rotating frame
is attached to the jth agent. In other words, if ∥qi(t)− qj(t)∥ > d0
holds at time t and the angular velocity ofΩj satisfies the inequality
ωj > ω0, ω0 = 6πu0d0 , then there exists t ′′ ∈ [t, t + T ] such that
the FOV of agent j covers agent i at time t ′′ for any T ≥ d02u0 . This
completes the proof. 
The following corollary follows directly from the above lemma.Corollary 1. Consider a network of n single integrators described
by (15)with the sensing digraphG = (V, E). Let themagnitude of the
velocity vector of every agent be upper-bounded by u0 and the angular
velocity of the FOV of all agents be lower-bounded by ω0 (which is a
function of d0 and u0). Then, (i, j) ∈ τ∈[t, t+T ] E(τ ) and (j, i) ∈
τ∈[t, t+T ] E(τ ) for every pair of distinct agents i, j ∈ V (where T is,
again, a function of d0 and u0), provided the distance between i and j is
greater than d0 at time t. By forming the contrapositive of the sufficient
condition mentioned in Lemma 6, if (i, j) ∉ τ∈[t, t+T ] E(τ ) or
(j, i) ∉τ∈[t, t+T ] E(τ ), it can be concluded that ∥qi(t)−qj(t)∥ ≤ d0
at time t.
Lemma 7. If a digraph G = (V, E) is not QSC, the mirror of the
complement of G, denoted by G˜c = (V, E˜ c), is connected and
diam(G˜c) = 2.
Proof. Assume that the digraph G = (V, E) is not QSC. Therefore,
there exist two distinct vertices u, v ∈ V such that for every
vertex w ∈ V \ {u, v} either w ∉ Ru(G) or w ∉ Rv(G). Define
V1 = Ru(G), V2 = Rv(G), and V3 = V \ {V1 ∪ V2}. Since G is
not QSC, V1 and V2 represent two disjoint vertex sets. Moreover,
(i, j) ∉ E and (j, i) ∉ E for any i ∈ V1 and j ∈ V2. Also, (k, i) ∉ E
and (k, j) ∉ E for any i ∈ V1, j ∈ V2, and k ∈ V3. Define the
complement digraph Gc = (V, E c), and note that (i, j) ∈ E c and
(j, i) ∈ E c for any i ∈ V1 and j ∈ V2. Additionally, (k, i) ∈ E c and
(k, j) ∈ E c for any i ∈ V1, j ∈ V2, and k ∈ V3. Now, construct the
undirectedmirror graph of the complement digraphGc and denote
it by G˜c , whose vertex set is V and edge set is represented by E˜ c .
One can then conclude that
(i, j), (j, k), (k, i) ∈ E˜ c, (19)
and
dG˜c (i, j) = dG˜c (j, k) = dG˜c (k, i) = 1, (20)
for all i ∈ V1, j ∈ V2, and k ∈ V3. Since for any arbitrary vertex
i ∈ Vl, l ∈ {1, 2, 3}, there exist undirected paths of length one to
every vertex belonging to Vm, m ∈ {1, 2, 3} \ {l}, and undirected
paths of length two to every vertex inVl \{i}, the undirected graph
G˜c is connected. As a result, dG˜c (i, j) ≤ 2 for any pair of distinct
vertices i, j ∈ V . Furthermore, it is straightforward to show that
diam(G˜c) = 2, and this completes the proof. 
The next theorem addresses the consensus problem, as the main
contribution of this subsection.
Theorem 3. Consider a multi-agent system composed of n single
integrators with the limited heterogeneous angular FOVs described
by (15). Apply the following control law to every agent
ui(t) =

j∈Ni(t)
aij(q)(qj − qi), (21)
where aij(q) = κ1+j∈Ni(t) ∥qj−qi∥ and κ is a positive finite constant.
Assume that the angular velocity of the FOV of agent i satisfies the
inequality ωi > ω0 for all i ∈ V , where ω0 = 6πκϵ for some strictly
positive constant ϵ. Then, all agents will asymptotically converge to a
ball of radius ϵ.
Proof. The proof is carried out separately for the case where the
sensing digraph is UQSC, and the case where it is not.
(i) Assume that G is UQSC, i.e. for all time instants t there exists
T > 0 such that the union sensing digraph

τ∈[t, t+T ] G(τ ) is QSC.
By considering S = R2, it is straightforward to show that the
switched interconnected system driven by (21) is locally Lipschitz
and the strict sub-tangentiality condition is satisfied since aij(q(t))
is finite and positive for all t and all i ∈ V , j ∈ Ni(t). Therefore,
Lemma 1 ensures that the agents asymptotically reach consensus.
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time instant t such that the union sensing digraph

τ∈[t, t+T ] G(τ )
is not QSC. Under the control law (21), it is straightforward to show
that the magnitude of each velocity vector is upper-bounded by κ
for all t , i.e.,
∥ui(t)∥ =


j∈Ni(t)
κ(qj − qi)
1+ 
j∈Ni(t)
∥qj − qi∥
 < κ (22)
(the above inequality follows from the definition of the state-
dependent coefficients aij(q), and the inequalityj∈Ni(t)(qj − qi) ≤ j∈Ni(t) qj − qi). Let G˜c([t, t + T ])
represent the mirror of the complement of union sensing digraph
τ∈[t, t+T ] G(τ ). Then it follows from Lemma 7 that the undirected
graph G˜c([t, t + T ]) is connected and its diameter is equal to
two. Using Corollary 1, it can be concluded that every edge of
G˜c([t, t+T ]) connects two distinct vertices corresponding to a pair
of agents whose distance is less than or equal to d0 at time t . Thus,
the following inequality holds at time t for the maximum distance
between the agents which represent the vertices of G˜c([t, t + T ])
max
i,j∈V
∥qi(t)− qj(t)∥ ≤ 2d0. (23)
According to Lemma 6, the inter-agent distance d0, the velocity
vector upper bound κ , and the angular velocity lower bound ω0
are related by ω0 = 6πκd0 , for T ≥
d0
2κ . Substituting d0 = 6πκω0 in (23)
yields
max
i,j∈V
∥qi(t)− qj(t)∥ ≤ 12πκ
ω0
. (24)
A sufficient condition to guarantee that all agents are eventually
confined to a ball of radius ϵ is that
12πκ
ω0
≤ 2ϵ. (25)
This means that in order to confine the agents to a ball of radius
ϵ one can choose a sufficiently large value for the lower bound on
the angular velocity of the FOV of every agent as follows
ω0 = 6πκ
ϵ
. (26)
Therefore, for a network composed of n agents described by (15)
and driven by (21), if ωi > 6πκϵ for all i ∈ V , the sensing digraph G
remains UQSC as the agents converge to a ball of arbitrarily small
radius ϵ. It is worth mentioning that once the agents are confined
to a ball of radius ϵ, there is no guarantee that the network will
still remain uniformly quasi-strongly connected. However, since
the convex hull of agents is enclosed within a ball of radius ϵ and
also the strict sub-tangentiality condition holds for the proposed
control law, once the agents enter the ball they will not leave it.
This completes the proof of consensus. 
Remark 1. Let ωmax represent the maximum magnitude of the
angular velocity which can be applied to any FOV (the value of
ωmax depends on the practical limitations of the sensors mounted
on the agents). To ensure that the angular velocityωi, i ∈ V , can be
designed in such a way that the inequality ω0 < ωi ≤ ωmax holds
for all i ∈ V , the positive finite constant κ in Theorem 3 should be
chosen as follows
κ <
ϵωmax
6π
. (27)
This ensures that the inequality ω0 < ωmax holds, and ωi can then
be anything in the interval (ω0, ωmax] for all i ∈ V . Therefore, theupper bound and lower bound constraints on the angular velocity
of the FOV of every agent can be satisfied by introducing a proper
upper bound on κ , which represents the maximum magnitude of
the velocity vector of each agent driven by (21).
Remark 2. Under the consensus control law proposed in Theo-
rem 3, it is not guaranteed that the underlying sensing digraph G
remains UQSC at all times. However, the lower bound on the angu-
lar velocity of the FOVs and the upper bound on the magnitude of
the velocity vector of the agents are designed in such a way that all
agents are confined to an arbitrarily small ball even for the cases
that G is not UQSC.
4.2. Containment problem
It is desired now to extend the results of the previous subsection
to the containment problem for a network of nL fixed leaders and
nF moving followers. Consider a leader–follower network of single-
integrator agents with limited heterogeneous angular FOVs. The
following lemma is instrumental in proving the main result of this
subsection.
Lemma 8. Let ϵ′ be the radius of the smallest circle enclosing all
leaders, and κ ′ be a positive finite constant representing an upper
bound on the magnitude of the velocity vector of all followers. If the
angular velocity of the FOV of all followers is lower-bounded by ω0 =
3πκ ′
ϵ′ , there is at least one leader j ∈ VL for each follower i ∈ VF
such that a directed path exists from j to i in the union sensing digraph
τ∈[t, t+T ] G(τ ) for every T ≥ ϵ
′
κ ′ at all times.
Proof. In the first step of the proof, it is desired to show that there
is at least one leader for each follower, with a distance greater than
ϵ′ from each other. To prove this by contradiction, assume that
there exists a follower i ∈ VF such that its distance from all leaders
is less than ϵ′, i.e., ∥qi−qj∥ < ϵ′ for all j ∈ VL. Thismeans that there
exists a circle centered at qi which encompasses all leaders and its
radius is less than ϵ′. This is in contradiction with the definition
of ϵ′. Therefore, there exists at least one leader j ∈ VL for each
follower i ∈ VF such that ∥qi − qj∥ > ϵ′. In the second part of
the proof, consider a fixed leader j and a moving follower i such
that ∥qi(t) − qj(t)∥ > ϵ′ for some t , and ∥ui(t)∥ < κ ′ for all t .
If the magnitude of the angular velocity ωi is lower-bounded by
ω0 = 3πκ ′ϵ′ , it can be concluded from Lemma 5 that there exists
t ′ ∈ [t, t + T ] such that qj ∈ Ωi(t ′) for every T ≥ ϵ′κ ′ . This implies
that there exists a directedpath of length one from j to i in the union
sensing digraph

τ∈[t, t+T ] G(τ ), which completes the proof. 
Theorem 4. Consider a network of n single-integrator agents de-
scribed by (15). Assume the network is composed of nL static leaders
and nF moving followerswith limited heterogeneous angular FOVs. Let
every follower i ∈ VF be driven by the following velocity vector
ui(t) =

j∈Ni(t)
aij(qj − qi), (28)
where aij = κ ′(nL+nF−1)R , R is the largest distance between all pairs of
agents in the initial configuration of the network, and κ ′ ∈ R>0 is
a finite constant. Assume that the angular velocity of the FOV of the
ith follower satisfies the inequality ωi > ω0 for all i ∈ VF , where
ω0 = 3πκ ′ϵ′ and ϵ′ denotes the radius of the smallest circle enclos-
ing all leaders. Then, all followers converge to the static convex hull
ΨL = conv({qj | j ∈ VL}) spanned by the leaders.
Proof. It is straightforward to conclude from (28) and the
definition of aij that ∥ui(t)∥ < κ ′ for all i ∈ VF and all t . Since the
angular velocity of all followers is lower-bounded by ω0 = 3πκ ′ϵ′ ,
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problem of Example 1.
all conditions of Lemma 8 hold. Thus, there exists T ≥ ϵ′
κ ′ such
that there is at least one leader for each follower with a directed
path from that leader to the follower in the union sensing digraph
τ∈[t, t+T ] G(τ ) for all t . Hence, all conditions of Lemma 3 hold and
one can conclude that all followers will converge asymptotically to
the stationary convexhullΨL formedby the leaders. This completes
the proof. 
Remark 3. Let ωmax be the maximum magnitude of the angular
velocity which can be applied to the FOV of any follower. To ensure
that the angular velocity ωi, i ∈ VF , can be designed such that the
inequalityω0 < ωi ≤ ωmax is satisfied for all followers, the positive
finite constant κ ′ in Theorem 4 is upper-bounded as follows
κ ′ <
ϵ′ωmax
3π
. (29)
Remark 4. Since the strict sub-tangentiality condition is satisfied
for all control laws proposed in this paper, the results obtained
for the consensus and containment problems hold true as long
as the sensing range of every sensor is not less than the largest
distance between all pairs of agents in the initial configuration of
the network.
5. Simulation results
Two examples are shown in this section to demonstrate the
effectiveness of the proposed control strategies for a team of
single-integrator agents with limited angular FOVs.
Example 1. Consider a network of six single-integrator agents
with half-plane FOVs. The initial position of agents alongwith their
FOVs are depicted in Fig. 6 for consensus problem. The motion of
agents, driven by control law (12), is shown in Fig. 7 where d˜ = 3.
This figure demonstrates that the agents reach a common position
in the plane, and hence the consensus objective is achieved.
In the second part of Example 1, the containment problem is
considered for a network of five static leaders and six moving
followers. The initial positions of leaders and followers are
depicted by small circles and small squares, respectively, in Fig. 8.
Under the control input (14) and considering d˜ = 5 and Ts = 1 s,
all followers converge to the convex hull of the leaders, as shown
in Fig. 9.Fig. 7. The trajectories of the single-integrator agents with half-plane FOVs in the
consensus problem of Example 1.
Fig. 8. The initial configuration of the leaders (small circles) and followers (small
squares) in the containment problem of Example 1.
Fig. 9. The trajectories of the single-integrator followers with half-plane FOVs in
the containment problem of Example 1.
196 M.M. Asadi et al. / Automatica 63 (2016) 187–197Fig. 10. The initial configuration of agents with limited heterogeneous angular
FOVs in the consensus problem of Example 2.
Fig. 11. The trajectories of the single-integrator agentswith limited heterogeneous
angular FOVs in the consensus problem of Example 2.
Example 2. In the first part of this example, the consensus
problem for a multi-agent system composed of six single
integrators with constrained heterogeneous angular FOVs is
considered. Let the apex angles of the FOVs be given by
α1 = π4 , α2 = π, α3 =
π
2
, α4 = 2π3 ,
α5 = π3 , α6 =
3π
4
.
Let also ϵ = 0.25 m and assume that ωmax = 1 rad/sec. Using
the result of Theorem 3, a lower bound on the magnitude of the
angular velocity of FOVs is considered as ω0 = 1 rad/sec, and
κ = 0.013. The initial configuration of the network along with a
snapshot of the rotating FOVs is shown in Fig. 10. The motion of
the agents driven by control law (21) is depicted in Fig. 11, which
demonstrates that the agents converge to a ball of radius ϵ (the
black circle).
In the second part of Example 2, a multi-agent network of five
static leaders and six moving followers is considered. The initial
configuration of the agents is depicted in Fig. 12, where small
circles and small squares show the initial positions of leaders and
followers, respectively. The control input (28) is then applied toFig. 12. The initial configuration of the leaders (small circles) and followers (small
squares) in the containment problem of Example 2.
Fig. 13. The trajectories of the single-integrator followers with limited heteroge-
neous angular FOVs in the containment problem of Example 2.
the network, with ϵ′ = 1.701 m, ω0 = ωmax = 1 rad/sec,
κ ′ = 0.181, and R = 10 m. Fig. 13 shows that the containment
objective is achieved as all followers converge into the convex hull
of the leaders.
6. Conclusions
In this paper, a novel cooperative control strategy is proposed
for a network of single-integrator agents with limited angular
fields of view (FOVs). Due to the sensing limitations induced by
the FOV constraint, the set of neighbors for each agent varies with
time while the agent moves and/or its FOV rotates. For the case
of half-plane FOVs, an impulsive switching policy is developed
which guarantees the uniform quasi-strong connectivity of the
underlying sensing digraph. A consensus strategy is subsequently
developed to drive the agents to a common position in 2D space
asymptotically. The designed controllers are modified to address
the containment problem for a leader–follower network such that
the followers converge to the stationary convex hull of the leaders.
The results are then extended to a network of single integrators
with limited heterogeneous angular FOVs. A distributed controller
with state-dependent coefficients is provided such that if the
angular velocity of every FOV is lower-bounded properly, then the
M.M. Asadi et al. / Automatica 63 (2016) 187–197 197agents converge to a ball of arbitrarily small radius. The results
are modified accordingly to solve the containment problem in a
multi-agent network of leaders and followers. Simulations confirm
the efficacy of the proposed control strategies. As for the future
work, the results of this paper can be extended to the case of the
cooperative tasks over multi-agent systems with more complex
dynamics (e.g., a network of unicycles). One can also investigate
the consensus and containment problems in a multi-agent system
in the presence of both radial and angular FOV limitations.
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